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PRIMITIVE DEFORMATIONS OF QUANTUM p-GROUPS 


VAN C. NGUYEN* *, LINHONG WANG, AND XINGTING WANG 


Abstract. For finite-dimensional Hopf algebras, their classification in character¬ 
istic 0 (e.g. over C) has been investigated for decades with many fruitful results, 
but their structures in positive characteristic have remained elusive. In this paper, 
working over an algebraically closed field k of prime characteristic p, we introduce 
the concept, called Primitive Deformation, to provide a structured technique to 
classify certain finite-dimensional connected Hopf algebras which are almost prim¬ 
itively generated; that is, these connected Hopf algebras are p"+^-dimensional, 
whose primitive spaces are abelian restricted Lie algebras of dimension n. We il¬ 
lustrate this technique for the case n = 2. Together with our results in [23], we 
provide a complete classification of p^-dimensional connected Hopf algebras over k 
of characteristic p > 2. 


Introduction 

The classification of finite-dimensional Hopf algebras over a field of characteristic 0 
is well investigated by many researchers, among them are: Andruskiewitsch, Etingof, 
Gelaki, Masuoka, Montgomery, Natale, Ng, Radford, Schneider, Zhu, etc., see 
for surveys of classihcation results in characteristic 0. While this work is stimulating 
in its own right, many Hopf algebras of interest are, however, dehned over a held k of 
positive characteristic, where the classihcation is much less known, e.g. [5l[6|,[T8]. Our 
aim is to explore the classihcation over such a held k. It is important to emphasize 
that this is a very difficult problem. We face some formidable challenges as many 
of the tools used over C do not apply in positive characteristic. The structures of 
such Hopf algebras essentially vary depending on the characteristic of the held and 
its relation with the dimensions of the Hopf algebras. Therefore, part of the challenge 
is to develop new applicable classihcation techniques in positive characteristic. 

Hopf algebras in characteristic 0 are completely classihed for certain low dimen¬ 
sions and many of them turn out to be trivial, that is, they are either group algebras 
or the dual of group algebras. On the other hand, the Hopf algebra structures in posi¬ 
tive characteristic are much more complicated. In [6] , Etingof and Gelaki studied the 
structures of hnite-dimensional semisimple and cosemisimple Hopf algebras in posi¬ 
tive characteristic, using their celebrated lifting theorem that allows them to lift these 
algebras to some semisimple Hopf algebras in characteristic 0. In [SB], Scherotzke 
classihed hnite-dimensional pointed rank one Hopf algebras in positive characteristic 
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which are generated by group-like and skew-primitive elements. Gongxiang and Yu 
[S] studied the structures of monomial Hopf algebras over a field of positive charac¬ 
teristic and provided a necessary and sufficient condition for the monomial coalgebra 
to admit Hopf structures. Many Hopf algebras in positive characteristic also come 
from Nichols algebras which are of much interest, see [3 El [M]. In each of these 
results, we see that different techniques must be employed and new examples of Hopf 
algebras arise. There are more Hopf structure possibilities in positive characteristic 
than occur in characteristic 0. This calls for a more general approach to tackle certain 
types of Hopf algebras in positive characteristic. We present here our attempt for 
this difficult task. 


Goal: Classify finite-dimensional connected Hopf algebras in characteristic p > 0. 

These algebras are interesting in their own right; they all have dimensions of powers 
of p [IBl Proposition 1.1 (1)], and they are closely related to Lie theory, algebraic 
group schemes, and group theory, cf. Section [3 

We fix the notation and recall preliminary concepts in Section [H In Section |2l 
we introduce a technique called Primitive Deformation, in which we think of finite¬ 
dimensional connected Hopf algebras as finite quantum p-groups (Definition II.4p and 
we apply our technique to the special family (cf. [33l Definition 0.2]): 

(n) := {all p^'+^-dimensional quantum p-groups whose primitive space 
is an abelian restricted Lie algebra of dimension n}. 

In [33] , quantum p-groups in (n) arise as Hopf deformations of certain restricted 
universal enveloping algebras, whose underlying restricted Lie algebras are obtained 
by semiproducts of restricted Lie algebras presented by abelian types T = (g, f),p), 
cf. Definition 12.31 with restriction on the resulting primitive space. Moreover, using 
primitive cohomology, isomorphism classes of quantum p-groups can be described as 
a cohomological-type set quotient by the automorphism group of each abelian type. 
Our strategy is to consider all possible abelian types T. We then give conditions 
under which these types T can be associated to primitive deformations (Proposi¬ 
tion ETTUj). By Theorem 13. 101 equivalence classes of these primitive deformations are 
in 1-1 correspondence with the isomorphism classes of quantum p-groups in ^{n). 
We describe these classes explicitly as some fixed cohomological-type set in Section [3] 
and further realize these classes as certain points in affine spaces. This helps us to 
break our classification problem into permissible types and nonpermissible types, see 
Section m We illustrate this concept for .^(2), with p > 2, in Section [5] by directly 
computing and explicitly describing all p^-dimensional quantum p-groups in ^{2). 
We observe that the classification in ^ (2) contains infinite parametric families and 
leads us to many new examples of non-commutative, non-cocommutative Hopf alge¬ 
bras in positive characteristic. It further helps us to complete the classification of 
all p^-dimensional connected Hopf algebras, whose structures are provided in Appen¬ 
dix We summarize the classification results here: 
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Table 1 . Classification of connected p^-dim Hopf algebras 


P{H) 

u{P{H)) C H 

Results 

1-dim 

p-dim 

[231 Theorem 1.1], 
Table [6] 

2-dim, non- 
abelian 

p^-dim, non- 
commutative 

[231 Theorem 1.3], 
Table [7] 

2-dim, 

abelian 

p^-dim, p > 2, 
commutative 

Section [5l Table [9] 

3-dim 

p^-dim 

[231 Theorem 1.4], 
Table [8] 


Tims, together with resnlts in [32] , the classihcations in characteristic p > 2 for con¬ 
nected Hopf algebras of dimensions p, and p^ are completed. This milestone brings 
ns closer to nnderstanding the structnres of Hopf algebras in positive characteristic. 
To onr best knowledge, the cnrrent status of Hopf classihcations in characteristic 
p > 0 can be described in the following diagram: 



Applications. Our classihcation results in Section |5] provide some new examples of 
connected Hopf algebras of dimension p^ in positive characteristic. We remark two 
other important applications that this work carries: 

(1) By [211 Proposition 5.2.9], for any connected coalgebra O, its k-dual C* is 
a local algebra. We can derive from this result that any hnite-dimensional 
Hopf algebra H is local if and only if its dual H* is connected. Hence, our 
classihcations are equivalent to the classihcations of local Hopf algebras of 
dimension p^. 


























4 


VAN C. NGUYEN LINHONG WANG, AND XINGTING WANG 


(2) By [HU §8.3], an affine algebraic group scheme G is unipotent if and only if the 
polynomial functions 0(G) on G is a connected commutative Hopf algebra. 
Thus, our results can also be related to unipotent group schemes G of order p^. 
Moreover, we know that in characteristic 0, unipotent group is isomorphic to 
an algebraic closed subgroup of some U„ of strict upper triangular matrices. In 
positive characteristic, structures of unipotent groups are more complicated. 
Interested readers can refer to [20l [M] and utilize our results to understand 
more about this type of algebraic groups in positive characteristic. 

1. Preliminary 

Throughout the paper, we work over a base held k, algebraically closed of prime 
characteristic p. Tensor products and linear maps are over k unless stated otherwise. 
For any vector space V, we write P®"" for its n-fold tensor product and 1 for the 
identity map on V. 

Definition 1.1. [2T1 Dehnition 5.1.5] Let G be a coalgebra over k. The coradical 
Go of G is the sum of all simple sub coalgebras of G, and G is connected if Gq is 
one-dimensional. A Hopf algebra H is said to be connected if it is connected as a 
coalgebra. 

In the literature, connected Hopf algebras are often called by different names, such 
as irreducible or co-connected Hopf algebras. 

Example 1.2. Let G be a hnite group. The vector space dual k*^ := Homk(k[G], k) 
is equipped with a Hopf algebra structure by dualizing all the Hopf structure maps 
of k[G], namely, for any gf, h G G, 



where 6g is the dual basis of g on k[G], and e is the identity in G. When G is a hnite 
p-group, k®' is a connected Hopf algebra of dimension |G|. 

We recall a result by Masuoka clarifying when a hnite-dimensional connected Hopf 
algebra H is isomorphic to some k*^. 

Theorem 1.3. [T8l l3T] Let H be a finite-dimensional connected Hopf algebra oiier k. 
Then the following are eguivalent. 

(i) H is semisimple. 

(ii) H is commutative and semisimple. 

(iii) The primitive space of H is a torus. 

(iv) H = k®", for some finite p-group G. 

The primitive space of H is the set P(iL) \= {x E H \ A{x) = a;(8)l-|-l0x}. We say 
that P{H) is a torus if it does not contain any nonzero element x with x^ = 0, which 
is, by [IBl Proposition 1.3], equivalent to the original dehnition given by Strade and 
Farnsteiner [2S1 p. 86]. Now, we propose the quantized version of a hnite p-group. 
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Definition 1.4. A finite quantum p-group is a finite-dimensional connected Hopf 
algebra in characteristic p. 

By Masuoka’s result, a semisimple quantum p-group over k is always given by 
some finite p-group. Moreover, any commutative quantum p-group over k represents 
a unipotent group scheme over k [3l]. Another rich source of quantum p-groups 
comes from the restricted universal enveloping algebra of a restricted Lie algebra, 
which was first defined by Jacobson in [13] as an analog of derivations of associative 
algebras in characteristic p. 

Definition 1.5. [HI Definition on p. 16] A Lie algebra g over k is restricted if there 
exists a map 0 —> g, a: ha satisfying, for all a:, p G g, a G k: 

(i) 

(ii) {x + y)^^ = x'^^ + 2 /)) where is,(a;, y) is the coefficient of A* ^ 

in a;(ad (Aa; -|- y)Y~^i 

(in) [a:, = a:(adp)^. 

Example 1.6. Let A be an associative algebra over our field k of characteristic p. 
Suppose D is a subspace of A, which is invariant under the commutator and p-th 
power map of A, i.e., [V, D] C V and C V. Then D is a restricted Lie algebra, 
where the Lie bracket is given by the commutator of A and the restricted map is 
given by the p-th power map of A. In particular, for any Hopf algebra H over k and 
for any x,y E P{H), one sees easily that 

A (x^) = (x 0 1 -I- 1 0 xY = x^ 0 1 -I- 1 0 x^; and 
^([ 3 ^, 2 /]) = [^(a^),^(2/)] = [a:,p] 0 1 + 1 0 [a:,p]. 

Hence, x^, [x,p] G P{H), and the primitive space P{H) is a restricted Lie algebra 
equipped with the Lie bracket and the restricted map given by the commutator and 
the p-th power map of H, respectively. 

Definition 1.7. Let g be a restricted Lie algebra and U{g) be its universal enveloping 
algebra. The restricted universal enveloping algebra of g is the quotient algebra 
M(g) := f/(g)/ (xP -x^\ x E q). 

A version of the PBW theorem holds for w(g): given a basis for g, the ordered 
monomials in this basis, where the exponential of each basis element is bounded by 
p — 1, form a basis for M(g). Consequently, if dimg = n, then dimM(g) = p”. By 
setting A(x) = x0l-l-l0x, S'(x) = —x and e(x) = 0, for every x G g C M(g), one 
sees that M(g) becomes a finite-dimensional connected Hopf algebra over k, which is 
a quantum p-group by Definition 11.41 

The Hochschild cohomology of pointed coalgebras was first used by Stefan and 
van Oystaeyen in [2^ to classify complex pointed Hopf algebras of dimension p^. 
Recently, the technique has been further developed by Wang-Zhang-Zhuang to study 
infinite-dimensional connected Hopf algebras over an algebraically closed field of char¬ 
acteristic zero [29]. Using the idea of [29l Definition 1.2] and applying Lemma[231 we 
interpret the Hochschild cohomology ring of restricted universal enveloping algebras 
in terms of the cobar construction, which is defined as follows. 
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Definition 1.8. Let f) be a restricted Lie algebra, and m(()) be its restricted universal 
enveloping algebra. The cohar construction on u{^) is the differential graded algebra 
r 2 M([)) such that: 

(i) As a graded algebra, is the tensor algebra over the augmentation ideal 

of m([)), i.e., := 0 i>o(M(f))+)®h 

(ii) The differentials of !!«([)) are given by 

n—1 

dn ^ 1®* 0 A ® 

i=0 

where A(r) = A(r) —r®! — I 0 r, for any r G 'u(f))’''. 

Basic properties of bar and cobar constructions can be found in [7l §19]. The 
differentials and of can be written explicitly in terms of 12 ^ u{i)) = «(())’'' 

and u{\)) = For any r, s G we have 

c2^(r) = 1 0 r — A(r) + r 0 1, 

fl 8 ll 

(9^(r 0 s) = l 0 r 0 s — A(r) 0 s + r 0 A(s) — r 0 s 0 1. 

We will apply Equations fll.8.11) repeatedly throughout the paper. 

2. Primitive deformation theory 

In this section, we will introduce the concept of Primitive Deformation and study 
its basic properties. First, we will define abelian types T from an action of a certain 
abelian restricted Lie algebra onto another. 

Definition 2.1. Let f) and 0 be two restricted Lie algebras. An algebraic represen¬ 
tation of 0 on [) is a linear map p : 0 ^ Endk(f)) such that 

(i) P{x,y\ PxPy PyPx^ 

(ii) 

(hi) px{\ay]) = [px{,a),h] + [a, p^h)], 

(iv) px{aF) = pa,(a)(ada)P"\ 

for any x, p G 0 and a, 6 G f). Any linear map p : 0 —)■ Endk(fl) satisfying only (i) and 
(ii) is referred as a restricted Lie algebra representation of 0 on f); see imiis]. 

Let 0 ,1) be two restricted Lie algebras, and p : 0 —)■ Endk(l)) be a linear map. The 
semiproduct of 1) and 0 via p, denoted by 1) xip 0 , is defined as follows. As vector 
spaces, 1) Xp 0 = 1) © 0 . Regarding the restricted Lie algebra structure on 1) Xp 0 , for 
any a, 6 G 1) and x, p G 0 , we have 

(i) the Lie bracket is given by [a + x, 6 + y] := [a, 6 ](, + Px{b) — Py{a) + [x, y]^; 

(ii) the restricted map is given by (a -\- + xl^l + where 

isi{a,x) is the coefficient of in a(ad (Aa + x))^“^. 

Proposition 2.2. The semiproduct ^ yip q is a well-defined restricted Lie algebra if 
and only if p is an algebraic representation of g on (). 
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Proof. We write V for the semiproduct f) xip 0. We first assume that id is a well- 
dehned restricted Lie algebra. For any a,6 G f) C fd, and x,y ^ q P V, the Jacobi 
identity of the Lie bracket of id implies that [[t, |/],a] = [x, [|/,a:]] — [i/, [x, a]] and 
[x, [a,6]] = [[x, a],6] + [a, [x,6]]. By above dehnition of the Lie bracket of id, we 
get conditions (i) and (iii) in Dehnition 12.11 for p. Moreover, by condition (iii) in 
Dehnition 11.51 of a restricted Lie algebra, we have [x^, a] = (adx)^(a) and [x, a^] = 
x(ada)^ = [x, a](ada)P“^. This implies conditions (ii) and (iv) in Dehnition 12.11 
Hence, p is an algebraic representation of g on f). 

Conversely, suppose p is an algebraic representation of g on (). Clearly, one sees 
that Id = fjXpgisa well-dehned Lie algebra. We denote by U its universal enveloping 
algebra. Consider the ideal I mU generated by and x^ — x^^^ for every a G 1) 

and X G g. It is an easy exercise, by Bergman’s Diamond Lemma [1], to verify 
that Id can be embedded into the quotient algebra U/I. Moreover in t///, by [T6l 
pp. 186-187], we have 

p—1 

(a + xY = + x^ + ^ Si{a, x) = + x^^ + ^ Sj(a, x), 

i=l i=l 

where isi{a,x) is the coefficient of in a(ad (Aa + x))^“^. Since each Si{a,x) G 
Id, Id is invariant under the commutator and p-th power map of D/J, respectively. 
Moreover, the restricted Lie algebra structure dehned on Id above is indeed induced 
correspondingly by the commutator and p-th power map of U/I. This shows that 
the restricted Lie algebra structure is well-dehned on Id ; see Example 11.61 □ 


Definition 2.3. An abelian type (of rank nj T is a triple (g, f),p) satisfying the 
following descriptions. 

(i) g and f) are abelian restricted Lie algebras. 

(ii) dimg = 1 and dim f) = n, for some integer u > 1 . 

(iii) p is an algebraic representation of g on [). 

We call n = dim [) the rank of T. 


As shown in [331 Lemma 4.3], any abelian type T = (g, f),p) is associated with 
an abelian matched pair (^, g) for Hopf algebra extensions of u{f]) by u{g), see [T9l 
Dehnition 2.2]. 

Definition 2.4. Two abelian types T = (g, t),p) and T' = (g',t)',pO are said to 
be isomorphic if there exist restricted Lie algebra isomorphisms 0i : g^ —t g and 
02 : f) —t f)' such that the following diagram commutes: 


g® f) 




4‘2 


g ® !)' g' (D Y —f)'. 


For simplicity, we will use 0 to denote the isomorphism pair (0i, 02 ), and we say that 
T is isomorphic to T' via 0. 
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Let T = (g, {),p) be any abelian type of rank n. Recall that the restricted uni¬ 
versal enveloping algebra of fj, denoted by «(!)), is a commutative (f) is abelian) and 
cocommutative quantum p-group of dimension p'^. Next, we will discuss the cobar 
construction on «(()), whose second cohomology group will be used for isomorphism 
classes in primitive deformation theory. 

In order to describe cohomology groups of f2M(l)), we will use the map uj : i) ^ 
(m( 1 ))+)®^ dehned as: 

(2.4.1) u;{r)= J fa ^ 

for every r G f). It is easy to check that a;(r) is a 2-cocycle in f2M(l)) for every r G 1). 


Lemma 2.5. For the cohomology ring, we have 


H* (fiM(f))) = 


5(0), 

A(0)®^(a;(0)), 


ifp = 2 
ifp > 2 


where A and S are the exterior and polynomial algebra functors, respectively. 


Proof. Let A be the vector space dual of m(0)- The coalgebra structure of m(0) equips 
A with an algebra structure together with an augmentation by evaluating at the unit 
of m(0)- By above discussion, A = a p-group algebra. Clearly, there is an 

isomorphism of complexes between the cobar construction on m(0 ) and the following 
reduced complex 


k —^ Homk(A+, k) ——> Homk((A’'')®^, k) ——>■ Homk((A’'')®^, k) — —s- • • • . 


The differentials are given by d^(f) := ° (1*^* ®rn® where 

m is the multiplication map of A restricted to A"*" and / : (A"*")®-^ —k. As stated in 
[T71 Section 2.4], the above complex calculates the Hochschild cohomology H*(A,k), 
whose cup product is compatible with the product of the cohomology ring of f 2 M(l)) 
induced by the tensor product. Hence, H* (f2M(l))) = H*(A, k) = H*(C'p,k) as coho¬ 
mology rings. It is easy to check that (HM(f))) = i). By [321 Proposition 6.2], we 
have (f2M(l))) = A^(l)) ©Li;(fi). Note that A^(l)) © Li;(f)) = f) ® 1) when p = 2. Then 
the result follows from the well-known formula of the group cohomology for C!*; see 
[251 Section 4]. □ 

According to [33l Dehnition 1.1 & Proposition 1.4], for any abelian type T = 
(g, fl,p), the algebraic representation p gives a Hopf M(g)-module structure on u{[)). 
Moreover, the action of p on 1) can be extended to the cobar construction f2M(f)) by 
derivation [33l Proposition 1.5]. Since g is 1-dimensional, we can specify p by pz, 
for any choice of nonzero ^ G g. In the following, we still use p to denote the map 
p : g —Der(flM(())) of restricted Lie algebras, given hj z pz- 

Definition 2.6. Let T = (g, (),p) be any abelian type. Dehne <h : g —?■ EndFp(f2 m(1))) 
to be the Fp-linear map from g to the endomorphisms of f2M(l)) via 

<h2(7r) = TT^ - Att + p^“^(7r). 
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preserving the grading, where z G q satisfying = Xz, for some A G k, and 
TT G ff* m([)) is a homogeneons element with tt^ denoting its p-th power in «(()). 

In lower degrees of «(!)), $ is explicitly given by: 

= j-P — Xr + 

^z{r ® s) = rP ^ — X (r (g) s) + 0 1 + 1 0 PzY~^{r <8 s) 

(2.6.1) V / vn / V 

= 0 - A (r 0 s) + ^ K ^ j pl{r) 0 

for any r G = n(f))’'' and r0s G VY u{\)) = (m( 1))+)'^^. Here, the hrst eqnality 

of <hz(r 0 s) is based on the dehnition of and the fact that pz is a Lie algebra map 
and hence preserves the coproduct structure of «(!)). We will apply Equations fl2.6.1|) 
repeatedly throughout the paper. 


Proposition 2.7. Let T = (g, [),p) he any abelian type, and z ^ g. In ff «(!}).■ 

(i) Pz and $2 commute with the differentials offlu{i)); 

(ii) pz0^z = 0; 


(iii) pp(u>(r)) = a' 


(iv) u:{ar) = aP uj{r), for any a G k; 



• W ], fori > 0; 


(v) a;(r) + n;(s) — uj(r + s) = 


(p-1)! 

d(p-i)! 


r S' 


p—i 


for any r, s G f). 


Proof, (i) follows from [33l Propositions 1.5 & 2.3 (a)], (ii) follows from [33l Proposi¬ 
tion 2.3 (c)]. (iii) The special case pz (^^(f)) = {—rP~^pz{r')) is exactly |32l Lemma 
6.11]. An easy induction yields the general formula, (iv) is clear and (v) follows from 
a direct computation. □ 

By Lemma 1^31 we know (fl«(!))) = 1) and (fl«([))) = A^([)) © ojfi)). Hence, 
uj can be viewed as a map from H^ (fl'u(l))) to H^ (flM([))) via a; : [r] i—)■ [n;(r)] for 
every r G f). Also by Proposition 12.7H ). $2 induces an Fp-linear map on H*(f2«(!))) 
for any z G g. 


Corollary 2.8. Let T = (g, f),p) be any abelian type. In the cohomology ring of 
f2M(l)), we have 

(i) CO is a semilinear map w.r.t. to the Frohenius map o/k. 

(ii) For any z ^ g, n;(l)) is ^z-invariant in H^ (fln(f))). When p > 2, A^(l)) is 
also ^z-invariant m H^ (fl«(!))). 

Proof, (i) is directly from Proposition 12.71 liv) and (v). (ii) By Proposition 12.71 lihV 
(v), for any r G 1): 

$2 [n;(r)] 

= [u:{r)P-Xuj{r)+pP-^{u:{r-))\ 
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= [a;(r)^ — A ci;(r)]— 




( ^ 

\il+...+ip=p—2 




z 



Thus, u;(f)) is $^-invariant in (r2u(t))). When p > 2, observe that for any r G f), 
[r 0 r] = [—d^i^r"^)] = 0 in H^(r2n(())) and A^(f)) does not coincide with 
By Equation fl2.6.ip . for any r, s G f): 


0 si = 


p-i / _ ]^\ 
0 s^ — A (r 0 s) + ^ y . j 

i=0 ' 


0—1—i I 


AS) 




Hence, A^(P)) is <h^-invariant. This completes the proof. 


□ 


In the following, we will introduce the concept called Primitive Deformation to 
formalize the construction of quantum p-groups in ^{n). Let T = (g, f),p) be any 
abelian type of rank n. By Proposition 12.21 we can construct a restricted Lie algebra 
0 by semiproduct, whose restricted universal enveloping algebra is denoted by 
m(T). Slightly abusing notation, we still use 1) and g for the generating space of m(T). 
Since g is one dimensional, we can choose any 0 7 ^ z G g as a basis element. Then 
m(T) is isomorphic to the quotient algebra of the free n(l))-algebra, M(f))(z), subject 
to relations 

[z,r] = p^(r), - zip' = 0 , 

for any r G «(!)), and z'p' denotes the restricted map of g on z. One sees that m(T) 
is a quantum p-group of dimension p"'"*'^, where the coalgebra structure is given by: 

A(x) = a; 0 l + l 0 a;, A(z) = z 0 l + l 0 z, 
e{x) = e(z) = 0 , 

together with antipode S given by S{x) = —x and S'(z) = —z, for any x G P) and 
z G g. Note that the primitive space of m(T) is (n + l)-dimensional spanned by f) and 
g. Based on ■u(T), we can construct quantum p-groups in ^{n). 

Definition 2.9. Let T = (g, [),p) be an abelian type of rank n, and 0 G «(!))’'" and 
X G be two elements. We refer to the triple (T, 0, y) as a datum and 

write := (T, 0, y). For any 0 7 ^ z G g, we can deform the algebra and coalgebra 
structures of m(T) regarding the element z such that 

zP — z'pI + 0 = 0 and A(z) = z 0 l + l 0 z + x. 

We denote Uz{3>) the correspondingly deformed quotient algebra of m(T) by above 
relations. Moreover, we say Uz{S>) is a primitive deformation (PD) of 'u(T) if it 
satisfies the following conditions: 

(i) is a quantum p-group of dimension p"'+L 

(ii) The primitive space of Uz{^) is isomorphic to I) of dimension n. 

In such a case, ^ is said to be a PD datum with respect to z. 
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It directly follows from the definition that if Uz{^) is a PD of m(T) for some PD 
datum ^ = (T,0,x), then Uz{^) is a quantum p-group in ^{n). On the other 
hand, any quantum p-group in ^ (n) can be realized as some PD of 'u(T) for some 
abelian type T of rank n by [33l Corollary 4.6]. 

Proposition 2.10. Let T = (g, f),p) he an abelian type, and 3) = (T, 0,x) he a 
datum. Then 3 is a PD datum with respect to some 0 ^ z G g if and only if it 
satisfies the following conditions: 

(i) X is a 2-cocycle but not a 2-coboundary in that is cl^(x) = 0 and 

X 7 ^ (9^(s) for any s e «([))+. 

(ii) p^( 0 ) = 0 . 

(hi) <!>z{x) = d\Q). 

Proof. It follows from [331 Theorem 0.4 (a), case n = 1] that any datum 3 = 
(T, 0,x), which satisfies (ii), (iii) with y being a 2-cocycle, gives arise to a quan¬ 
tum p-group Uz{3) of dimension pdimij+i^ Moreover, [331 Theorem 0.4 (c)] states 
that Uz{3) has primitive space isomorphic to f) if and only if [y] 7 ^ 0 in (DM(f))). 
This proves one direction. 

Conversely, suppose Uz{3) is a PD of m(T). By the coassociativity of A on z: 

0 = (1 (g) A)A(z) - (A (g) l)A(z) 

= (l(g)A-A(g)l)( 2 ;(g)l-i-l® 2 :-Fx) 

= ; 2 (g)l(g)l-Fl®(; 2 (g)l-Fl(g) 2 ;-Fx)-l-(l(g)A)(x)-( 2 r(g)l-l-l®; 2 -fx)(g)l 
- 1 (g) 1 (g) 2 ; - (A (g) l)(x) 

= 1 ® X - (A 0 l)(x) + (1 ® A)(x) - X ® 1 

= d\x)- 

So X is a 2-cocycle. Write = Xz, for some A G k, (ii) comes from Dehnition 12.91 
Pz{Q) = [^,0] = —[z,z^ — Xz] = 0. For (iii), we apply [531 Lemma 2.2], Equa¬ 
tions fll.S.ip and fl 2 . 6 .ip to get 

0 = A{zP -Xz + Q) 

= A{z)P - X A{z) + A{Q) 

= (;2 0 l-Fl 02 ;-F xT - A (;2 0 l-Fl 0 ; 2 -fx) + ^( 0 ) 

= z^ ®l+ 1® zP + x^ + P^“^(x) - A(^ 0 1 -M 0 -f x) + ^(0) 

= X^ - Ax + P?“^(x) + (^^ - Az) 0 1 + 1 0 {z^ - Xz) + A(0) 

= X^ - Ax + P?“^(x) - (10 0-A(0) + 00 1) 

= $,(x)-a'( 0 ). 

Finally, one sees that x is not a 2-coboundary by [531 Theorem 0.4 (c)] again. This 
completes the proof. □ 

Remark 2.11. Let 3 = (T, 0, x) be a PD datum with respect to some 0 ^ z G g. 
(i) We have [<Fz(x)] = [^^(0)] = 0 in (Dm([))). 
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(ii) The antipode S of Uz{3>) is the same as the antipode of m(T) when restricted 
to u{l)) and S{z) = —z — m{S®ld){x), where m is the multiplication of m(I)). 


3. Isomorphism classes of primitive deformation 


In this section, we introduce a cohomological-type set together with an automor¬ 
phism group action in order to describe isomorphism classes of primitive deformations 
of an abelian type. The following lemma is fundamental in the classihcation of such 
primitive deformations in terms of PD data. 

Lemma 3.1. Let T = (g, [),p) and T' = (g', be two abelian types, and let z & q 
and z' G g' be any two nonzero elements. 

(i) Suppose Q) = (T, 0, y) and Qi' = (T', 0', y') are two PD data with respect to 

z and z', respectively. If Uz{S>) = as Hopf algebras, then T = T'. 

(ii) Suppose T = Th For any PD datum Q) = (T,0,y) with respect to z, there 

exists a PD datum = (T', 0', y') with respect to z' such that Uz{3>) = 

UzfSt') as Hopf algebras. 

Proof, (i) Let F : Uz{S’) Uz'{&') be an isomorphism of Hopf algebras. We apply 
similar idea as in the proof of [331 Lemma 4.7]. Since F preserves the primitive space, 
we have the following commutative diagram of extensions of Hopf algebras: 


1 


1 


-4m(1)) 


F|u((,) 


-^Uz{3i) - 
F 

-^Uzf^') 


-4M(g) 

F 

M(g') 


1 


1 . 


By the dehnition of abelian matched pair associated to M(g)-extension over u{i)) 
(resp. M(g')-extension over [I2l Dehnition & Lemma 3.5], it is easy to check the 

pair of isomorphisms {F, F|„([,)) induces an isomorphism between their corresponding 
matched pairs. Hence it gives an isomorphism between T and T' by |33l Lemma 4.3 
& Corollary 4.4]. (ii) Without loss of generality, we can assume that t = T' via 
0 = (01,02) = (7,02), where 0i(P) = jz, and we take 7 = 1. Naturally extend 0i 
and 02 to u{q') and «(!)) by Dehnition 12.41 Then one sees that we can take 0' = 02(0) 
and y'= (02 «) 02)(y). □ 

Remark 3.2. Part (i) of the above lemma implies that primitive deformations of non¬ 
isomorphic types are non-isomorphic. Part (ii) implies that for each abelian type T 
up to isomorphism, its primitive deformation can be determined up to some choice 
of basis element ^ G g. Therefore, together with the comment below Dehnition 12.91 
every quantum p-group in (n) determines an abelian type T of rank n up to 
isomorphisms, and we say such quantum p-group is of type T. 


Definition 3.3. Let T = (g, p) be an abelian type. We dehne the set with respect 
to some nonzero element z of g 


7f^(T) 



(T, 0,y) is a PD datum w.r.t. z, and (0,y) ~ (0', y') ih 
0' — 0 = 4*2(3) and y' — y = 0^(s), for some s G . 
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It is easy to check that the relation ~ dehned above is an equivalence relation among 
all PD data with respect to 2 ;. By [531 Proposition 5.5], the set 'H^(T) classihes 
quantum p-groups in ^ (n) as Hopf extensions of «(!)) by M(g), with abelian matched 
pair given by T up to equivalent extensions. 

Throughout, let T = (g, f),p) be any abelian type. We £x a basis z of g with 
= \z, for some A G k. Proposition 13.61 will show that our dehnitions of 'H^(T) and 
its Aut(T)-quotient do not depend on the choice of 2 ;. Note that isomorphisms from 
T to itself form a group with the group multiplication given by composition of maps 
according to Dehnition 12.41 We denote the group by Aut(T). For any (j) G Aut(T), 
we can write 0 = ( 0 i, 02 ) = ( 75 ^ 2 ), where and 02 are two automorphisms of the 
restricted Lie algebras g and f), respectively, such that (f>i{z) = 72 ;, for some 7 G k^. 
It is easy to check that 7 A = 7 ^ A, since 0i is an automorphism of g. 

Lemma 3.4. Let Qi = (T, 0,x) he a datum, and 0 = ( 7 , 02 ) G Aut(T). Then 02 
ean he extended to a graded automorphism ofLlu{f)) commuting with the differentials. 
Moreover, 

(i) P^( 02 ( 0 )) = 7 02 (p^( 0 )); 

(ii) $^(7 (02 ® 02 )(x)) = Y (02 02 ) ^z{x)- 

Proof. It is clear that 02 can be extended to a Hopf automorphism of «(())’''. Note that 
the cobar construction Dm(1i) is the tensor algebra 0j>o('^^(())''")®*- Then, 02 can be 
extended to a graded automorphism of Dm( 1 i), which commutes with the differentials 
since the differentials are defined in terms of the comultiplication of u{f))~^. 

(i) By the commutative diagram in Dehnition 12.41 we have Pz o 02 = 7 02 ° on 
«([))■'■. (ii) Using (i) and the fact that 7 A = we have 

(7 (02®02)(X)) 

= (7 (02 O 02) (X))^ - A (7 (02 02) (X)) + P^"^ (7 (02 02) (x)) 

= 7 ^ (02 ® 02) (x^) - ( 7 -^) (02 02) (x) + 7 (Pz 1 + 1 Pzf~^ (02 ® 02) (x) 

= Y (02 ® 02) (X^) - (7^-^) (02 02) (X) + Y (02 0 02) (Pz 1 + 1 Pzf~^ (x) 

= Y (02 0 02) (x^ - A X + Yz~\x)) 

= Y (02 0 02) (<h^(x))- 

□ 

Lemma 3.5. Let 3i = (T,0,x) he a datum, and 0 = ( 7 , 02 ) £ Aut(T). Then, with 
respect to z, 

(i) S’ is a PD datum if and only if S' := (T, 7 ^^ 02 ( 0 ), 7 (02 0 02 )(x)) is a PD 
datum. 

(ii) Aut(T) acts onPf^ifT) induced hy the map {Q, x) ( 7 ^ 02 ( 0),7 (02 0 02 )(x))- 

Proof, (i) It is clear that S' is a datum by Lemma 13.41 Assuming ^ is a PD datum 
with respect to z, we will show that so is S', that is, the conditions in Proposition 
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I2.ini are satisfied. Note that 

(7 (02®02)(x)) =7^^((02®02 )(x)) = 7(02«)02«)02)'9^(x) =0. 

Hence 7 (02 <8 02 )(x) is a 2-cocycle. If 7 (02 ® 02 )(x) = 9^(s) for some s G «(())’'', 
then X = 00^ (-s))- This contradicts to the fact that x is not a 2-cobonndary. 

Thus, satishes condition (i) in Proposition 12.101 Next, by Lemma [3.41 (i). we have 

P^(7^02(0)) = 7^Pz(02(0)) = 7^^V2(p^(0)) = 0. 

Moreover, by Lemma [3.41 (ii). 

$^(7 (02«)02)(x)) =7^ (02®02)($^(x)) =7^ (02 0 02) (5^(0)) = ( 7 ^ 02 (0) ) • 

Hence, is a PD datum with respect to 2 ;. The converse part can be proven by 
replacing 0 with 0 “^ = ( 7 “^, 0 ^^). 

(ii) It follows from (i) and Dehnition 12.91 that the group Aut(T) acts on the set 
{(0,X) I (T,0,x) is a PD datum w.r.t.z] via 0 : (0,x) ^ ( 7 ^02(0), 7 (02O02)(x))- 
Suppose (0, x) r'U (0',xO by some s G (t))’'", i.e., 

x' — X = 0^('5) and 0' — 0 = <I> 2 (s). 

Similar computation as in (i) yields that 

7^02(0')- 7 " 02(0) = <h. (7 02(s)), 

7 (02 ® 02 ) (xO - 7 (02 o 02 ) (x) = 0^ (7 02 (s)) . 

By Dehnition EJl ( 7 ^02(0), 7 (02 O 02)(x)) ~ ( 7 ^02(0')) 7 (02 O 02)(x'))> which 
implies that 0 maps equivalence classes to equivalence classes in 'H^(T). Therefore, 
the Aut(T)-action on 'H^(T) is well-dehned. □ 

Proposition 3.6. Let T = (g, f),p) he any abelian type. Then'H‘^{T) and its quotient 
'H^(T)/Aut(T) are unique up to isomorphisms with respect to any 0 ^ z G g. 

Proof. Let ^ and z' be two different bases of g. We write 

z^^^ = Xz, = \' z', z' = 72 : 

for some A, A' G k and 7 G k^. Then we have 7 PA = 7 A'. Suppose Qi = (T, 0,x) 
is a PD datum with respect to z. By Proposition 12.101 we have x is a 2-cocycle but 
not a 2-coboundary in Dm([)) and Pz(0) = 0 and ^’^(x) = 0^(0)- Set the new datum 
= (T, 7 ^ 0 , 77 ). By Dehnition 12.61 we have 

^v(7X) = (7X)^ - A'(7X) +Pr^(7X) 

= 7"x"-7"Ax + 7"p^-'(x) 

= 7 " (X"-Ax + P^-'(X)) 

= 7"$.(X) 

= ^^(7^0). 

Moreover, it is clear that Pz'ip^Q) = 0 and 77 is a 2-cocycle but not a 2-coboundary 
in Dm( 1)). By Proposition 12.101 Si' is a PD datum with respect to z'. Therefore, the 
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map (0, x) (7^0) ix) induces a map from 'H^(T) with respect to z to 'H^(T) with 
respect to z'. One can check that such map is compatible with the Aut(T)-action 
and it is a bijection with inverse map given by replacing 7 with 7 “^. □ 

Definition 3.7. Let T = (0,1), p) be an abelian type. Suppose 0 ^ z G g. By 
Proposition 12.71 (ii), Kerp^ D Im^^ on i). We say T is permissible with respect to z 
if Kerp^ = Im^^ on (), that is, whenever Pz{s) = 0 for some s G 1), there exists an 
r G 1) such that <h^(r) = s. 

By the following lemma, the dehnition of a permissible abelian type T = (g, f),p) 
does not depend on the choice of the basis 2 ; of g. So we can say T is permissible 
without specifying the basis of g. 

Lemma 3.8. Let T = (g, [),p) be an abelian type, and let z and z' be two different 
bases of g. Then Kerp^ = Im<h ,2 on 1) if and only if Kei pz> = Im^^/ on 1). 

Proof. It suffices to show that Kerp^/ = Imd)^/ if Kerp^ = Im $2 on [). Note that 
Kerp^/ 'D Imd)^/ on f) by Proposition 12.71 (ii). We write z' = 72 ;, for some 7 G k^. 
Now let s G Kerp^/, that is, s G f) and pzfs) = 0. Clearly, pz{l~^s) = 0. Hence 
by assumption, there exists r G 1) such that <h^(r) = 7 “^s. Use the same calculation 
in Proposition 13.61 we get: <hy( 7 r) = 7 ^$^(r) = = s. So s G Im<l>y, which 

shows the other side of the inclusion. □ 

Proposition 3.9. Let T = (g, f),p) be an abelian type. If one of the following holds 

(i) [} is a torus; 

(ii) 1 ) is p-nilpotent and g is a torus, 
then T is permissible. 

Proof. By Lemma 13^ we can choose any basis z of g. Write = A z for some A G k. 
(i) Assume f) is a torus. By m, we know [p] : f) —?■ f) is surjective. Hence p^ = 0 
according to Dehnition 12.11 (iv). So Kerp^ = t). Now <h 2 (r) = — Ar + p^~^{r) = 
rP — Xr^ for any r G t). One sees easily that Im<h 2 = f) as the base held k is 
algebraically closed, (ii) Assume 1) is p-nilpotent and g is a torus. Without loss of 
generality, we can take A = 1. It is easy to check that if Pz{r) = 0 for some r G I), 
then <I) 2 (—r) = (—r)^ — (—r) -|- pf~^(—r) = r, which completes the proof. □ 

Theorem 3.10. For any abelian type T of rank n, the following are naturally bijec- 
tive. 

(i) The set of isomorphism classes of guantum p-groups of type T in I^{n). 

(ii) The set of isomorphism classes of primitive deformations ofu{T). 

(hi) 7{2(T)/Aut(T). 

(iv) i 2 /+(T)/Aut(T), provided T is permissible; cf. Definition \4.5\ 

Proof. The bijection between (i) and (ii) comes from Dehnition 12.91 and the comment 
below it. The Aut(T)-action on 'H^(T) was given in Lemma [3.51 It follows from [331 
Theorem 0.6] that (i) and (hi) are bijective. Finally, by later Theorem 14.101 (hi) and 
(iv) are bijective whenever T is permissible. □ 
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4. Realization of isomorphism classes in affine spaces 


Throughout this section, we assume the characteristic of k is p > 2. We will set, 
for a permissible abelian type T of rank n, a bijection between 'R^(T) and a subset 
of the affine space which is compatible with the Aut(T)-action. In the 

remaining of the section, let T = ( 0 , t), p) be an abelian type of rank n. We fix bases 
z of g and {xj}i<j<n of 1). Note that the abelian restricted Lie algebras g and 1) are 
determined by their restricted maps on the bases. Then, the restricted maps of g and 
f) can be denoted by a scalar A and a n x n matrix R, respectively, such that 






/ 

Xz, and 




Ulf'/ 

\XnJ 


Since g is spanned by z, any algebraic representation p of g on 1) is uniquely deter¬ 
mined by Pz G Endk(f)), which can be realized by a n x n matrix M such that 



AA 


AA 

pz 


= M 



\Xn/ 


\Xn/ 


By Definition 12.31 (iii), it holds that Pz{xY^) = 0, for all 1 < f < n, and {pzY = 
P(2[p1) = P{\z) = ^Pz- In terms of matrices, these conditions are equivalent to 





AA 

M 


= MR 



0!rv 


\XnJ 


0, and MP = AM. 


Therefore, we have the following lemma. 


Lemma 4.1. Any abelian type T = (g, f),p) can be determined by a triple {X,R,M) 
satisfying MR = 0 and = AM. 


Now for any 0 G Aut(T), by Definition 12.41 we will identify 0 = ( 0 i, 02 ) with 
( 7 , 02 ) or ( 7 , G) such that 


(4.1.1) 

01 (x) = 72 ;, and 02 

fxY 


(xY 



\Xn) 


\Xn) 


for some 7 G and some n x n invertible matrix G. It is worthy to point out that 
for 0 = ( 7 , G) to be an automorphism of T = (A, R, M), the sufficient and necessary 
conditions are 


(4.1.2) 


GR = RG, 'f\ = 7 A, M = -yG-HlG, 
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where G is constructed from G by taking p-th power of every entry of G. We also 
point out that the composition of two automorphisms 0, (j)' G Aut(T) is given by 

(4.1.3) 0 ' o 0 = (y'y, 0'2 o 02 ) = (y'y, GG'), 

since matrices act on bases by left multiplication. The following lemma is straight¬ 
forward using the Equation fl4.1.3p above. 


Lemma 4.2. There is a group embedding from Aut(T) into GLn{n+i)/ 2 {^) via, for 
any P = {aij,bk)i<i<:j<n,i<k<n e and 0 = ( 7 , G) G Aut(T), 





Gri Grj 

r r 

si '-^sj 


Oij, and (i){hk) = ^ l^^^Gskbs- 

l<s<n 


By Remark 13.21 isomorphic quantum-p groups in (n) come from isomorphic 
abelian types. Hence, in order to classify ^{n), we can Erst classify all possible 
types in the following sense. 

Lemma 4.3. Suppose two types T = (g, f),p) and T' = (g, are given by triples 
{X,R,M) and respectively. Then, T is isomorphic to T' if and only if 

there exist an invertible n x n matrix G and a nonzero scalar 7 such that 

GR = RG, 7 ^’A = 7 A, M' = ^G-^MG, 


where G is constructed from G by taking p-th power of every entry of G. 

Proof. Suppose T is isomorphic to T' via some 0 = (0i,02) as given in Equation 
fl4.1.ip . It is direct to check that the commutativity of the diagram in Dehnition 12.41 
is equivalent to the following matrix multiplication identity 

M' = 'jG-^MG. 

It remains to show the conditions on G, 7 for them to be automorphisms of f) and g, 
respectively. Because 02 preserves the restricted map of t), one sees that 02 (x|^^) = 
02 for all 1 < i < n, which is the same as GR = RG. One can similarly obtain 

y^A = 7 A by using the fact that 0i is an automorphism of g. Since the if part is 
clear, we complete the proof. □ 

Remark 4.4. Recall Lemma 1231 that (r2-u([))) is spanned by [xi®Xj] and [u;{xk)], 

ioY 1 < i < j < n and 1 < fc < n. For any point P = {aij,bk)i<i<:j<n,i<k<n e 
set 

(4.4.1) Xp ■= X] aijXi^Xj+Loi ^ bkXk 

l<i<j<n \l<k<n 

as a 2-cocycle in O«(!)). Hence there is a bijection between H^(r2«([))) and 

via [xp\ t—> P. Moreover, nonzero cohomology classes correspond to nonzero points 

in 
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Definition 4.5. A point P G is said to be admissible w.r.t. the type T if 

there exists some s G «(())’'' such that <hz(xp) = and Pz{s) = 0. We denote by 
the set of all nonzero admissible elements in 

Remark 4.6. A point P G \ {0} is admissible w.r.t. a type T if and only 

if there exists a PD datum & = (T, s, xp) for some s G with respect to z. 

Next, we establish the Aut(T)-action on .g/+(T). Recall Lemma [4.21 that Aut(T) 
acts on by, for any 0 = (7, G) G Aut(T) and P = ( 


A: 


n(n+l )/2 


(j){P) = [aij.bk 


wll6r6 Qj^j ^ ^ ^rj^si) ^iji 6/^ ^ ^ 'y ^ Ggf^bg. 

l<r<s<n l<s<n 

Lemma 4.7. Let P = {aij,bk)i<ij<n,i<k<n ^ \ {0} be admissible, and ^ = 

(T, 0, Xp) be a PD datum with respect to z. For any cf) = ( 7 , 02 ) = ( 7 , G) G Aut(T), 
set the element 


a : = 


- E 

l<r<s<n 


7 CLr 


I ^ ^ ‘ZGfiG sj XiXj ^ ^ G'piGgiXj^ I 

\l<i<_7<n l<i<n / 


in «(())■'■. Then the following two classes are equivalent in 'H^(T) 

[(7^02(0),7(02 ® 02)(xp))] = [(7^02(0) + $^(ti),X<A(P))] • 

Proof. We keep the above notations and definitions of Oij^bk. We first claim that 
X^(P) - 7 (02 ® 02) (xp) = 

X</.(P) - 7 (02 ® 02)(Xp) = E ^ i E 

l<i<_ 7 <n \l<k<n / 

- ^ Xaij4>2{Xi) ^4>2{Xj) { E 02(^fc^fe)) 

l<i<j<n \l<k<n J 

= ^ afjXi®Xj- ^ 7 ap I E 

l< 2 <j<n \l<r,s<n 

+ ^ ( E T^^^^kGks ais j - [ 72 

\l<k,s<n J \l<k,s<n 


jgXr (X) Xg 


^ks 


l<2<j<n 


aij Xi Xj 


^ ^ 7 ^rs 

l<r<s<n 


( E 

\l<2<j<n 


gj Xi 09 Xj 


^ ^ G^iGgj Xi (^ Xj ^ ^ G^iGgi Xi Xi 

l<j'<2<n 


l<2<n 
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= ttij Xi ® Xj — 7 ttrs j GriGsj {Xi ® Xj + Xj ® Tj) 

l<i<j'<n l<r<s<n 

^ ^ | 

l< 2 <n / 

^ ^ 'y ^rs I ^ ^ Gj-iGgj (^Xi Xj “1“ Xj Xj^ ^ ^ GfiGsi Xi Xi I 

l<r<5<n l<i<n / 

Then the claim follows from applying the definition of a and the identity 

d^{xiXj) = 1 ® (xiXj) — A{xiXj) + (xiXj) ® 1 = —{xi ® Xj + xj 0 xj 
to the last equation above. 

Secondly, we claim that := (T, 7 ^ 02(0)+ $z(<t), X 0 (P)) is also a PD datum with 
respect to z. It is clear that Proposition 12.101 (i) holds for since (j){P) 7 ^ 0. For 
Proposition 12.101 (hi), 

( XcPiP )) = (7 (02 «) 02)(xp) + 0^(0-)) 

= ^z (7 (02 O 02) (Xp)) + ^z ( 0 ^(o-)) 

= 7^ (02 O 02)(*h,,(xp)) + (<h;.(cr)) 

by Lemma 13.41 (ii) and Proposition 12.71 (i). Using the fact that ^ = (T, 0, xp) is a 
PD datum and by Lemma 13.41 

^z {X4>(P)) = Y (02 ® 02)(0^(0)) + (<h^(cr)) = (7^02(0) + *^>z(o-)) ■ 

One sees that satisfies Proposition 12.101 (ii). i.e., 

Pz (7^02(0) + $:^(c^)) = 7^^V2(P:^(0)) + {pz o *^>z)(c^) = 0, 
which proves the claim. 

At last, the result follows from Definition 13.31 such that X 4 >iP) ~ 7 (02 ® 02 )(xp) = 
d^{a) and ( 7 ^ 02 ( 0 ) + ‘^ 2 ( 0 ')) — 7 ^ 02 ( 0 ) = *h 2 (cr). This completes the proof. □ 

Corollary 4.8. The subset .e/+(T) of is invariant under the Aut(T)-action. 

Proof. Let P G and 0 G Aut(T). It suffices to show that 4>{P) G 

which follows from Lemma 14.71 and Remark 14.61 □ 

Lemma 4.9. Let T = (g, f),p) be a permissible abelian type. Then, there is a bi- 
jection between 'H^(T) and induced by [(0,x)] ^ Py where [y] = [xp] in 

H2 (Dm([))). 

Proof. Let [(0,x)] be an equivalence class in 'H^(T) given by some PD datum & = 
(T,0,y). By Proposition 12.101 (i), x is a 2-cocycle but not a 2-coboundary in 
D^(u(l))). Hence, there exists a point P G \ {0} such that [xp] = [x] 

in H^(DM(f))) by Remark 14.41 Next, we write Xp = X + 0^(s) for some s G u(l))’''. 
It is easy to check that = (T, 0 -|- $ 2 ( 5 ), yp) is also a PD datum and (0,y) ~ 





















20 


VAN C. NGUYEN LINHONG WANG, AND XINGTING WANG 


(0 + <J>^(s), xp)- So without loss of generality, we can assume that [(0, y)] = [(0, Xp)] 
for some P G \ {0}. 

Now, suppose (0p,xp) ~ (0 q,Xq) for two points P,Q E \ {0}. By 

Dehnition 13.31 there exists some s G «(())’'" such that Xp~Xq = c^^('S) and Qp — Qq = 
$ 2 ( 5 ). It follows that [xp] = [xq] in «(!))), which implies that P = Qhj Remark 
14.41 again. Hence, for any [(0,Xp)] in 'H^(T), the point P is uniquely determined by 
the equivalent class. And there is a well-dehned map q ; 'R^(T) —)■ \ {0} 

induced by [(0, Xp)] P- 

By Remark 14.61 q maps 'R^(T) onto It remains to show that q is injective. 

Suppose there are two equivalence classes [(0, Xp)] and [(0', Xp)] which are in q~^{P). 
By Proposition 12.101 (hi), ^^(xp) = 9^(0) = 9^(0')- Hence, 9^(0 — 0') = 0. Then, 
there is some s G t) such that 0 = 0' + s since Kercl^ = H^(f2«(!))) = I) by Lemma 
12.51 On the other hand, by Proposition 12.101 (ii), Pz{s) = Pz{Q) — Pz{^ ) = 0. Since 
T is permissible, there is some r G t) such that s = ‘h 2 (r). Then one sees that 
Xp — Xp = 0 = cl^(r), since r G f) is primitive, and 0 — 0' = s = 4>2(r). This implies 
that (0 ,Xp) ~ (0^ Xp) in 'R^(T), and hence q is injective. □ 

Theorem 4.10. Let T be a permissible abelian type of rank n. There is a bijection 
between 'H^(T)/Aut(T) and . 2 /+(T)/Aut(T) induced by [(0,Xp)] ^ [P]^ where 

P ^^iji bk)l<i<j<n,l<k<n E (Zf); XP ^ ^ np ® T I ^ ^ bk Xk 

l<i<j<n \l<k<n 

and 0 is chosen from (not necessarily unique) such that Pz{Q) = 0 and 

4.(Xp)=S‘(8). 

Proof. By Lemma [4.91 it suffices to prove that the Aut(T)-action on induced 

by the bijection q : 'R^(T) <—> .g/+(T) is compatible with Lemma [4.21 which follows 
from Lemma 13.51 (ii) and Lemma 14.71 □ 

Remark 4.11. By Theorem 13.101 there is a bijection between the set of isomorphism 
classes of quantum p-groups in ^ (n) and the disjoint union 

UTerp^+(T)/Aut(T) U UTeTjv w-m/AMin 

where 7p is the set of all non-isomorphic permissible types and Tiv is the set of all non¬ 
isomorphic nonpermissible types. Thus, to apply Primitive Deformation theory in 
the next section for (2), our approach is to break the classihcation into permissible 
and nonpermissible types. 

5. Primitive deformations of rank-two abelian types 

Again, set characteristic p > 2 throughout this section. We apply our Primitive 
Deformation theory to all abelian types of rank n = 2. The results in this sec¬ 
tion provide the classihcation of connected p^-dimensional Hopf algebras over k with 
abelian primitive space of dimension 2, i.e., classihcation of quantum p-groups in 
(2). Throughout, let T = (g, 1), p) be an abelian type of rank 2, where we hx bases 
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z of g and x,y of t). Regarding Remark 14.41 for any P = {a,b,c) G A^, we denote 
Xp = ax ® y + uj{bx + cy). According to Lemma 14.21 the automorphism group 
Aut(T) acts on via, for any 0 G Aut(T), 

/ 7det(G) 

(5.0.1) 0 

V 0 

5.1. Types. First of all, we classify all types T = (g, f),p) of rank 2. Note that g 
and [) are abelian Lie algebras, i.e., equipped with trivial Lie bracket. These two 
restricted Lie algebras are determined by their restricted maps on the bases. After 
taking some linear transformations, there are only two isomorphism classes of g and 
four isomorphism classes of f) [5^ Theorem 7.4 (l)-(4)]. The isomorphism classes are 
labeled below and distinguished by the restricted maps 

0 ; (AT) = 0; (5) = z- 

f) : (A) xtPl = 0, = 0; {B) x^^^ = x, y^^^ = 0; 

(C) xlPl = y, y^P^ = 0; {D) x^p^ = x, y^P^ = y. 

Now, any fixed pair (g, f)) is, up to isomorphism, one of the possible combinations of 
the g’s and f)’s from the above list. The restricted map of g can only be z^^ = Sz, 
where 5 = 0,1. We use to denote the 2x2 matrix with 1 in the (z, j)-entry and 
zero elsewhere. 

We can always assume that two isomorphic types share the same restricted Lie 
algebras by changing bases and rewriting the corresponding algebraic representation 
using the commutative diagram in Definition 12.41 Hence, applying Lemma 14.31 one 
can directly compute T for each pair of isomorphism classes of g and f). 

In summary, there are totally 14 isomorphism classes and one parametric family 
of abelian types of rank 2, which are listed in Tabled We only illustrate the calcula¬ 
tion for the parametric family T((C), where g = S', li = A, the parameter ( G Fp, and 
nonzero ( is determined up to replacement of We will leave the rest to the reader. 

Type T((C): Using the same notations as in Section 01 first of all, we find all possible 
algebraic representations of g on f). By Lemma 0^^ they are all given by 2 x 2 matrices 
M satisfying Mp = M, since R = 0 for f) = A. Next, for Aut(fi), we can choose G to 
be any invertible 2x2 matrix. Similarly for g, one sees that 7 should be a nonzero 
scalar in the field Fp of exactly p elements. In conclusion, the set of isomorphism 
classes of types with fixed pair [S, A) is bijective to the set {M G M 2 (k) | Mp = M} 
modulo the equivalence relation where M M' if M' = 76 * ^MG, for some 
G G GL 2 (k) and 7 ^ Fp . 

Without loss of generality, suppose M 7 ^ 0, otherwise it is (T3). One sees that 
M is diagonalizable with eigenvalues inside Fp since Mp = M. Hence, by a linear 
transformation G of the base and setting 7 = 1, we can always assume that M 
is a diagonal matrix with eigenvalues inside Fp. By further rescaling one nonzero 
eigenvalue by 7 “^, we have M ~ diag(l, () for some ( G Fp. Applying the equivalence 
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relation ~ again, one verifies that the equivalence classes of diag(l, () with ( E Fp\{0} 
are determined up to replacement of Hence, one has M = en + ^622 and T(C) 
is permissible by a direct computation. 


Table 2. Classify types T = (g, t),pz) of rank 2 


Types 

0 

f) 

pz = M 

Permissible 

^/+(T) 

(Tl) 

N 

A 

0 

No, Im<l>^ = 0 , Kerp^ = 1 ) 

Non-empty 

(T 2 ) 

N 

A 

ei2 

No, Imd)^ = 0 , Kerp^ = kp 

Non-empty 

(T 3 ) 

S 

A 

0 

Yes, Im ^z = Ker Pz = f) 

Empty 

(T 4 ) 

N 

B 

0 

No, Im<l>,2 = kx, Kerp^ = t) 

Non-empty 

(T 5 ) 

N 

B 

621 

Yes, Im $2 = Ker p^ = k x 

Non-empty 

(T6) 

S 

B 

0 

Yes, Im $2 = Ker Pz = 

Non-empty 

(T 7 ) 

S 

B 

622 

Yes, Im $2 = Ker P2 = k x 

Non-empty 

(T8) 

s 

B 

621 + 622 

Yes, Im $2 = Ker p2 = k x 

Non-empty 

(T 9 ) 

N 

C 

0 

No, Im<h2 = kp, Kerp2 = f) 

Non-empty 

(TIO) 

N 

C 

612 

Yes, Im <l>2 = Ker P2 = k p 

Non-empty 

(Til) 

S 

C 

0 

Yes, Im 4)2 = Ker Pz = f) 

Empty 

(T12) 

s 

C 

611 

Yes, Im <l>2 = Ker P2 = k p 

Non-empty 

(T13) 

N 

D 

0 

Yes, Im 4)2 = Ker Pz = f) 

Empty, 

(T14) 

S 

D 

0 

Yes, Im 4>2 = Ker pz = 1) 

Non-empty 

T(C = -i),CeF, 

s 

A 

611 + C622 

Yes, Im $2 = Ker P 2 = 0 

Empty 

T(C7^-i),CeF, 

s 

A 

611 + C622 

Yes, Im $2 = Ker P 2 = 0 

Non-empty 


Next, we will show that set is empty for the case T((^ = —1), and leave 

the rest to the reader. According to Table 121 we have = z and = 0 and 
Pz{x) = X, Pz{y) = —y- Let’s assume P = {a,b,c) E j 2 /+(T). By Remark 14.61 there 
is some PD datum (0,Xp) with respect to ; 2 . We use the fact that pz (<-'-’(1))) = 0 in 
H^(Dm([^)) by Proposition 12.71 (iii). Hence 

^z{xp) = [Xp -XP + pi~^{ax® y)] 

= [-XP + af^z~^{pz{x) ®y + x® pz{y))] = [-Xp] = 0- 

So Xp is a 2-coboundary, which is a contradiction according to Proposition 12.101 (i). 
Therefore, is empty for T((^ = —1). 

Remark 5.1. When T is one of those types in Table [2] whose set is empty, 

there is no PD of 'u(T). Indeed, 'u(T) for these types are isomorphic to certain 
connected Hopf algebras in the C-family classihed in [23l Theorem 1.4], also see 
Table [H In particular, m(T3) = (C7), m(T 11) = (C8) and m(T 13) = (C9) and 
u{T{( = —1)) = (C16) with parameters X = —i and 6 = (—where = —1. 

5.2. Primitive deformations of permissible types. Let T be a permissible type 
in Table [2] with non-empty set [P] be one of the Aut(T)-orbits in .c/+(T). 

By Theorem 13.101 isomorphism classes of quantum p-groups in ^ (2) of type T can 
be obtained by PD’s of 'u(T) with the PD data taken from the equivalence classes 
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[(0, Ap)] in 32/^(T)/Aut(T). If an orbit [P] is a single point, then there is only one 
isomorphism class of quantum p-groups given by [P]. If an orbit [P] is inhnite, e.g., 
[P] = [(^, 0,1)] for the type (T5) with ^ G k, the quantum p-groups given by values 
G k are isomorphic if and only if ^ for some n-th root of unity r. Then we 
say that the isomorphism classes of the quantum p-groups given by the orbit [P] are 
parametrized by k//i„ (or, k^/p„). 

Below in Table [3l for each permissible type T in Table |2] with non-empty set 
32/+(T), we give the Aut(T)-orbits [P] in ^’•'(T), the equivalence classes [(0,Ap)] 
in 32/+(T)/Aut(T), and the isomorphism classes of the quantum p-groups described 
by the parametric spaces, respectively. In Appendix IB. 11 we check for the type (T5) 
and leave the rest to the reader. 


Table 3. Quantum p-groups of permissible types 


Types 

i^J 

[(©Wp)J 

^ of Iso. 
classes 

(T 5 ) 

P = (1,0,0) 

Q = 0, xp = X ® y 

1 


1—1 

o' 

0 = - l)p, Xp = ^x®y + Lj{y) 

k/p(p2 i)/2 

(T6) 

P = (1,0,0) 

0 = 0, Ap = u^ix) 

1 

(T7) 

P = (1,0,0) 

Q = 0, xp = X ® y 

1 


P = (0,1,0) 

0 = 0, Ap = ^{x) 

1 


P = (1,1,0) 

Q = 0,xp = x(^y + cl)(x) 

1 

(T8) 

p = (e,0,0) 

0 = Xp = ix ® y 

k''//^(p-i)/2 


P = {^A,0) 

0 = Xp = ix ® y + u}{x) 

k 

(TIO) 

P = (1,0,0) 

Q = ^-, Xp = x®y 

1 


^ = (^,0,1) 

0 = 0, Ap = ix®y + u){y) 

k/ y,p2 pj^i 

(T12) 

P = (1,0,0) 

Q = ^-, Xp = x®y 

1 

(T14) 

P = (1,0,0) 

Q = ^1 Xp = x®y 

1 


P = (0,1,0) 

0 = 0, Ap = ^{x) 

1 


P = (1,1,0) 

0 = 0, AP = a^®l/ + ‘^{x) 

1 

T(C ^ -1) 

P = (1,0,0) 

0 = 0, Ap = a; 0 p 

(p + l)/2 


Note that these types contain four infinite families, which are all parametrized by 
one parameter denoted by For the type T((C ^ —1), the isomorphism classes form 
a hnite parametric family with parameter G Fp \ { —1}. By Table [21 T((C) = T(Q) 
if and only if C = when Q Q ^ 0. Hence, there are total isomorphism classes 
for T((C 7 ^ —1). For each of the other cases in Table [3l the isomorphism class is unique. 


5.3. Primitive deformations of nonpermissible types. In this subsection, we 
will deal with nonpermissible abelian types of rank 2, i.e., those from the set 

F:={(T1),(T2),(T4),(T9)} 

in Table [21 In the following, let T = (g, l),p) G F, where we still fix bases t, p for 
1), z for g and write = 6z for 6 = 0,1. We keep using the same notations and 

















24 


VAN C. NGUYEN LINHONG WANG, AND XINGTING WANG 


definitions as before. The restricted universal enveloping algebra u{i)) has a PBW 
basis {x^y^\0 < i,j < p — 1}, where we denote by M(f ))>2 the subspace of u{l)) 
spanned by all those PBW bases satisfying i + j > 2. Clearly, there is a vector 
space decomposition M(())+ = M(f ))>2 0[). 

First, we will show that there is an one-to-one correspondence between the equiv¬ 
alence classes in 'H^(T) and the points in a subset of the affine space A^, which will 
be constructed as follows. 

Let P = {a,b,c,d,e) G A® = x A^. We denote a pair (0p,Xp), where 0p G 1) 
and xp ^ such that 

(5.1.1) Qp = ax + by, xp = cx y + uj{dx + ey). 


Definition 5.2. Let P = {a,b, c, d, e) G A^ = A^ x A^, 0p and xp in Equa¬ 
tion flb.l.ip . Suppose T G We dehne 


B+(T) 


P G A® 


Xp 7 ^ 0, and there exists some 0 G m(1))>2 
such that $^(xp) = ^^(0), P^(0 + 0p) = 0 


{ P+(T), T = (Tl)or(T2) 

The set of P G P+(T) with a = 0, T = (T4) 

The set ofP G P’^(T) withfo = 0, T = (T9) 


Remark 5.3. 

(i) Let P' = (c, d, e) be the projection of P = (a, b, c, d, e) in A^. Indeed, xp is 
the same as the element xp' dehned in Remark 14.41 

(ii) Note that the element 0 used to describe the set P’'"(T) in Dehnition 15.21 is 
uniquely determined by P since two candidates 0 and 0' yields 9^(0 — 0') = 
0, which implies that 0 — 0' G (f) fl M(f ))>2 ) = 0. We then denote such 0 by 
Tp for any P G P’''(T). 

(hi) By dehnition, a point P G A® belongs to e^'''(T) if and only if there is a PD 
datum (T, Tp -|- 0p,xp) with respect to z, for some Tp G M(f))> 2 - 


Definition 5.4. We dehne an equivalence relation ~ on P’''(T) such that two points 
P ~ Q in P'''(T) if and only if 

0P - 0Q = <l>,,(s), and Xp = Xq, 

for some s G f). 


Lemma 5.5. Let T G Then the following are bijective 

(i) H7T); 

(ii) B+(T)/~,- 

(iii) «+(T), 

where the bijection between (i) and (ii) is induced by [(Tp -t- 0p,xp)] <—> [P] and 
the bijection between (ii) and (iii) is given by the natural projection from B~^{T) to 
^+(T). 
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Proof. It follows by the same argument in Lemmathat there is a bijection between 
'H^(T) and ~ induced by [('hp + Qp,xp)] <—> [-P]. 

It remains to show that there is a bijection between ~ and via 

[P] i—> Q where Q is the projection of P. For type (Tl) or (T2), the sets P+(T) = 
are the same. So it suffices to show that ~ is trivial. It is easy to check that 
= 0. Then, by Dehnition 15.41 P ~ Q in P+(T) if and only if P = Q. For type 
(T4), denote hj Q = {0,b,c,d,e) the projection of P = {a,b,c,d,e) G P'^(T). We 
claim that Q G P§~^{fT). Since $^(1)) = kx, there is some s G fi such that ax = <hz(s). 
By Remark |5.3| (ii), we set To = Tp G u(b)> 2 . By dehnition, Yo = Ap 7 ^ 0 and 
= «>.(XP) = a‘(*p) = By Propo^itihEH (ii). 

Pzi'^Q + 0 q) = Pz(Tp + by) = Pzi'^p + ax + by) - pz{ax) 

= Pzi'^p + ©p) - {pz o = 0. 

By Remark 13751 (hi), Q G ^’•'(T). Moreover, P ^ Q since 0p — 0 q = T^(s) and 
Xp = Yq by Dehnition 15.41 Now every point in P’'“(T) is equivalent to its projection 
in ^~^(T) where ~ is trivial, so the bijection between B~^(T)/ ~ and ^~^(T) is 
established. The argument for (T9) is similar. This completes the proof. □ 

In Table 01 we give a description of the sets ^~^(T) for types T G For a point 
P G ^~^(T) with coordinates a,b,c,d and e, we also list the corresponding elements 
Tp,0p and yp that appeared in Dehnition 15.21 and Remark 15.31 fiii. Moreover, the 
corresponding equivalence class in 'H^(T) is the pair [(Tp + 0p, Yp)]) which gives a 
PD datum ^ = (T, Tp + 0p, yp) with respect to z. In Appendix IB.21 we check for 
the type (T2) and leave the rest to the reader. 

Table 4. ^~^(T) for nonpermissible types 


Types 

pg+iT) 

Tp 

0 p 

Xp 

(Tl) 

{{a,b, c, d,e)} \ {(a, 5, 0, 0, 0)} 

0 

ax + by 

cX ® y + uj{dX + e y) 

(T2) 

{( 0 , 6 ,c,d,e)}\{( 0 , 6 , 0 , 0 , 0 )} 

dPxyP-^ 

by 

c X ® y + uj{d X + e y) 

(T4) 

i( 0 , 6 ,c, 0 ,e)}\{( 0 , 6 , 0 , 0 , 0 )} 

0 

by 

cx <S) y + ^{ey) 

(T9) 

{(a, 0 ,c, 0 ,e)} \ {(a, 0 , 0 , 0 , 0 )} 

0 

ax 

cx <S) y + aj{ey) 


Next, we establish an Aut(T)-action on whose orbits are bijective to 

'P^(T)/Aut(T). Since ^+(T) G A® is bijective to 'P^(T) by Lemma 15751 it suf- 
hces to hnd the induced Aut(T)-action on ^~^(T) according to Lemma 13.51 The 
following lemma comes directly from conditions fl4.1.2p . 

Lemma 5.6. Let T e P, and cf = ( 7 , G) G Aut(T). Then 7 7 ^ 0 and the entries of 
G = ( 5 'p) 2 x 2 satisfy the following 

'911922 - 912921 7 ^ 0 T = (Tl) 

^ 5'21 = 0, 9 n = 7922 7 ^ 0 T = (T2) 

5'21 = 5'i2 = 0, 9 ii, 922 7 ^ 0 T = (T4) 

,^21 = 0, g22 = 9ii, 9117^0 T = (T9). 
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Similar to the embedding (15.0. Ih . there is an embedding Aut(T) ^ GL5(k), which 
implies an Aut(T)-action on A|. by left multiplication on columns, that is 


(5.6.1) 0(P) = 


/ 


V 


jPG 


T 


0 

0 

0 


0 

0 

7 det(G) 
0 
0 


0 

0 

0 


0 

0 

0 




7p G 


T 


/ 


/ o\ 
b 
c 
d 

VJ 


(7^ Glia + 5(216), 7?^ (5120 + 5226), 7 (6'ii6'22 - 5 'i 25 ' 2 i)c, 
7^/P {gild + 5216), 7 ^/^ {gi2d + 5226 )) , 


for any P = (a, b, c, d, e) G and 0 = (7, G) G Aut(T) with G = {gij) 2 x 2 - 

In case T = (T9), in order to have a well-dehned group-action on J3S~^{T), we 
replace Aut(T) by the subgroup 

A' = {0 = (7,(7) I7 ^ 0,512 = 521 = 0,522 = 5n and511 ^ 0}. 

Note that K is also isomorphic to a quotient group of Aut(T) by the subgroup 
{0 = G,G) G Aut(T) I 7 = 1,5ii = 522 = 1}. For the sake of notation, we set 

- f T = (Tl), (T2), or (T4) 

' ' \k T = (T9). 


Theorem 5.7. Let T G There is a bijection 'H^(T)/Aut(T) <—> .^■'■(T)/Aut(T) 
induced by 

[(Tp + 0p, xp)] ^^ [-P], 

where P = (a, b, c, d, e) G ^^{T), 0p = ax + by, xp = cx ^ y + uj{dx + ey) and 
Tp G M(f ))>2 given in Deftnition \5.‘A and Remark [3751 (ii). 

Proof. By Lemma 15751 'H^(T) and are naturally bijective to each other. Hence, 

it suffices to find the corresponding Aut(T)-action on and match it with 

Equation fl5.6.ip . We will check for the case T = (T9) and leave the rest to the 
reader. 

By Table m we choose any point P = (a, 0, c, 0, e) G where c, e are not 

both zero. Since Tp = 0, the corresponding equivalence class in 'P^(T) is given by 
[(©p, Xp)] with Qp = ax and xp = ex ® 5 + u}{ey). Let 0 = (7, 02) = (7, G) G 

Aut(T). By Lemma ESI we can write G = ] with 522 = 5ii G 0- 

V u 522/ 

We will apply Lemma ITTTI to compute the 0-action on [(0p,Xp)]. To avoid confu¬ 
sion, we use P' to denote the image of P under the projection from A^ to A^, that 
is, P' = (c, 0, e). Note by Remark |573] (i), we get xp = Xp'- Also we denote by 0' the 
image of 0 = (7, G) in GL3(k) by Equation fl5.0.ip . Hence, the image of [(0p,Xp)] 
under the 0-action is given by 

[(7^02(0p), 7(02 ® 02 )(Xp))] = [(7^02(0p), 7(02G>02)(XP'))] 

= [((7^02(0p) + ^z{c^): X<A'(U'))] • 


(5.7.1) 
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It follows from P' = (c, 0, e) and Lemma [4.7[ 

cr = ^7 c ( 5 'ii 5 ' 2 i + ‘^912921 xy + 912922 y'^) = ^7 cgi 2922 y"^- 

When T = (T9), by Table [21 we have = 0, xx\ = ?/, y'x^ = 0 and pz = 0. Then, 
<h^(cr) = o-P + = 0. By Eqnation (| 5.7.ip , 0 : [(0p, xp)] -t [(©q, Xq)] with 

Q = (7^ os'll, Y 0 , 912 , X 911922c, 0 , 7 ^S 22 c) . 

Snppose 7 = 1 and gu = 5^22 = 1 in 0 = ( 7 ,^*). Then Q = (a, agi 2 , c, 0, e). 
In this case, since P is the projection of Q, we get P ~ Q in P+(T) by Lemma 
15.51 By Definitions 13.31 and 15.41 [(0p,Xp)] ~ [(0 q,Xq)] nnd the 0-action is trivial. 
Conseqnently, the snbgronp {0 = ( 7 , G) G Ant(T) | 7 = l, 5 fii = g 22 = 1} of Ant(T) 
acts trivially on 'H^(T), whose qnotient gronp is isomorphic to Ant(T). Therefore, 
we can always assnme 0 G Ant(T). Now, it is clear that 0 : P —)■ Q = 4>{P) with 
5^12 = 0 by Eqnation (I5.6.ip . which completes the proof. □ 

For each type T E £, we can compnte the Ant(T)-orbits nsing the gronp action 
fl5.6.ip . and identify the isomorphism classes of qnantnm p-gronps in (2) of type 
T by applying Theorem 13.101 and Theorem 15.71 Finally, these qnantnm p-gronps can 
be constrncted by nsing PD data. Classihcation of snch qnantnm p-gronps is given 
in Table |5l 

The resnlts in Table [5] can be verihed briefly as follows. First of all, we can check 
that all points P listed in Table |5l inclnding inhnite families, lie in different Ant(T)- 
orbits. Then it snffices to show that every point and inhnite family in mnst 

he in some orbit [P]. Now let 0 = ( 7 , G) G Ant(T), and P G <^+(T). Consider the 
restriction of 0 on the last three coordinates of P. We see that points in <^^+(T), as 
representatives of orbits, have certain explicit last coordinates. For example, when 
T = (Tl), the representatives of orbits in =^+(T) can be chosen from the forms 
(a, b, 1, 0, 0), (a, b, 0,1, 0) and (a, b, 1,1, 0) for some a, 6 G k. It is clear that points of 
different forms can not belong to the same orbit. It then remains to distinguish orbits 
one from another within a given form, which can be done by type; see Appendix IB.31 
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Table 5. Quantum p-groups of nonpermissible types 


Types 

i^J 

[(Tp + 0p, xp)] 

^ of Iso. 
classes 

(Tl) 

P = (0,0,1,0,0) 

\I>P + 0p = O, Xp = 

1 


P = (1,0,1,0,0) 

Tp + 0p = x, Xp = a; 0 1 / 

1 


P = (0,0, 0,1,0) 

Tp + 0p = 0 , Xp = 

1 


P = (1,0, 0,1,0) 

Tp + 0p = x, Xp = 

1 


P = (0,1, 0,1,0) 

Tp + 0p = p, Xp = ^(a;) 

1 


P = (0,0,1,1,0) 

\l/p + 0p = O, xp = a:®p + u;(x) 

1 


P = (1,0,1,1,0) 

+ Qp = X, Xp = X ® y + cl)(x) 

1 


P = (0,1,1,1,0) 

Tp + 0p = p, Xp = a; ® p + u;(x) 

1 

(T2) 

P = (0,0,1,0,0) 

\I/p + 0p = O, Xp = x®y 

1 


P = (0,1,1,0,0) 

Tp + 0p = p, Xp = a; ® p 

1 


P = (0,0, 0,1,0) 

Tp + 0p = xpP“^ Xp = ^^(a;) 

1 


P = (0,1, 0,1,0) 

Tp + 0p = xyP~^ + y^ xp = 

1 


P = (0,0, 0,0,1) 

Tp + 0p = 0 , Xp = ‘^(y) 

1 


P = (0,1, 0,0,1) 

Tp + 0p = p, Xp = ^^iy) 

1 


p = ( 0 ,e, 1 , 1 , 0 ) 

\I/p + 0p = xp^“^+,^p, Xp = x'^y+uj{x) 

k//i2 


p = ( 0 ,e, 1 , 0 , 1 ) 

Tp + 0p = ^p, Xp = a; C p + u;(p) 

k 

(T4) 

P = (0,0,1,0,0) 

Tp + 0p = 0 , Xp = a: C p 

1 


P = (0,1,1,0,0) 

Tp + 0p = p, Xp = a; ® p 

1 


P = (0,0, 0,0,1) 

Tp + 0p = 0 , Xp = ‘^{y) 

1 


P = (0,1, 0,0,1) 

Tp + 0p = p, Xp = ^(y) 

1 


p = ( 0 ,e, 1 , 0 , 1 ) 

Tp + 0p = ^p, Xp = a; C p + u;(p) 

k//a(p-i)/2 

(T9) 

P = (0,0,1,0,0) 

\I>P + 0p = O, Xp = x®y 

1 


P = (1,0,1,0,0) 

Tp + 0p = X, Xp = a: ® p 

1 


P = (0,0, 0,0,1) 

Tp + 0p = 0 , Xp = ^{y) 

1 


P = (1,0, 0,0,1) 

Tp + 0p = X, Xp = ^{y) 

1 


P = (e,0,l,0,l) 

Tp + 0p = ^x, Xp = a: ® p + u;(p) 



6. Closing discussions 

Primitive deformations for p = 2. Throughout Sections H] and [5l we set p > 2. 
The primitive deformation in characteristic p = 2 employs a similar technique except 
we have to use the other description of the cohomology ring for p = 2, as seen in 
Lemma [27^ As a consequence, the second cohomology group «(!))) together 

with its Aut(T)-action, when realized in the affine space, are different from our 
Lemma W7I\ and Remark 14.41 We leave the case p = 2 to readers who could utilize our 
technique to pursue this case for their own interest, e.g., the classihcation of quantum 
p-groups of dimension 8 in characteristic 2. 

Questions. We close this paper by proposing some questions to be considered in 
future projects: 
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(1) Hopf quivers of Nichols algebras in positive characteristic are studied in [5l 
[21]. The dimensional connected Hopf algebras H classihed in our sequel 
(cf. [23]) are given by explicit generators and relations. This makes it very 
convenient to associate quivers Q to those H whose algebra structures are 
basic (i.e. the quotient algebra modulo the Jacobson radical is a copy of the 
base held k). How do these related quivers look like? 

(2) In Section m we obtain many inhnite parametric families of hnite-dimensional 
Hopf algebras in positive characteristic. Note that in [22l Theorem 2.2], two 
hnite-dimensional Hopf algebras over k are gauge equivalent if their hnite 
representations are k-linear tensor equivalent. We want to know whether 
Hopf algebras of each parametric family in Section |5] are all gauge equivalent? 

(3) In this paper, we provide quite a few examples of non-commutative and 
non-CO commutative Hopf algebras in positive characteristic (e.g. those non- 
commutative algebras in Tables [3] and [5] with element x having nonzero co¬ 
efficient in the x ® y term). What are the cohomology rings H*(iJ, k) : = 
Ext^(k, k) of such Hopf algebras? 

Appendix A. Classifications of p^-dimensional 

CONNECTED HOPF ALGEBRAS 

Let H be a p^-dimensional connected Hopf algebra over an algebraically closed held 
k of characteristic p > 0. Let u{P{H)) be the Hopf subalgebra of H generated by 
all primitive elements. The isomorphism classes of H will be presented by a quotient 
of the free algebra k(x,p,z)//. The dehning relation I and the comultiplication are 
provided in terms of the generators x, y and 2 ;. We follow the notation in [10] to write 
the reduced comultiplication of H by ifj, for example, 'ip{x) = A{x) — a;®l — 10 a;. 
Throughout, we denote the expressions 

u>{r) := 4t—® r^“*) , for any r E H, 

iliv — ly. 

Z := u){x)[y 0 1 -I- 1 0 1 / -I- u}{x)Y~^ + a;(i/), and 
Z' := ijj{x){y 0 1 -M 0 yY~^ + ^(z/)- 

By Nichols-Zoeller Theorem, dimension of u{P{H)) divides dimension of H. Hence, 
our strategy is to consider all possible dimensions of u{P{H)) when H is p^-dimensional 
The classihcations in Tables jO] I?] and IH] were detailed in our preceding paper [23] , 
where we classihed the types A, B, and C according to the dimensions p, p^ (non- 
commutative), and p^ of M(P(iL)), respectively. For each type, we provide the iso¬ 
morphism classes, their algebra and coalgebra structures, and indicate whether they 
are commutative, semisimple, or local. The main results in Section [5] classify those 
in Table ini where u{P{H)) is a p^-dimensional commutative Hopf subalgebra of H. 
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Table 6. Connected p^-dim Hopf algebras, when dimu(P{H)) = p 


Type 

Comm. 

Alg. Structure 

Coalg. Structure 

S.S./Loc. 

A1 

y 

xP — x = yP — y = z^ — z = 0 

ij{x) = 0 , ij{y) = u^{x), 

ij{z) = Z 

y/n 

A2 

y 

xP = yv — X = z'P — y = d 

i^ix) = 0, ^/j{y) = u;{x), 
ip{z) = Z' 

n/y 

A3 

y 

XP = yP = zP =0 

^{x) = 0, ^{y) = w(a;), 
ip{z) = Z' 

n/y 

A4 

y 

XP = yP = z^ — X = 0 

^{x) = 0, ^{y) = u:{x), 
ip{z) = Z' 

n/y 

A(A) 

n 

xP = yP = z^ + x^~'-y — \x = 
0, [x,y] = [x,z] = [y,z] - 

X = 0 

^{x) = 0, ^{y) = w(a;), 
,p{z) = Z' 

n/y 


For the parametric family A(A), we can choose A = 0 when p = 2. When p > 2, 
A(A) = A(A') iff A = yA' for some 7 G 

Table 7. Connected p^-dim Hopf algebras, when dimu(P{H)) = p^ 
and u{P{H)) is non-commutative 


Type 

Comm. 

Alg. Structure 

Coalg. Structure 

S.S./Loc. 

B1 

n 

xP — X = y'^ = z^ = 0, [x, y] — 

y = [x, z] = ly, z]=d 

^{x) = y{y) = 0 , ij{z) = 

^iy) 

n/n 

B2 

n 

xP — X = yP = z^ — z = 
0 , [x,y]-y = [x,z] = [y,z]- 
yf{x) = 0 

i^ix) = 'iPiy) = 0 , ij{z) = 
(jj{x) 

n/n 

B3 

n 

xP — X = yP = z^ = 0, [x, y] — 
y = [x,z\-z = [y,z\-y‘^ = 0 

ij{x) = ij{y) = 0 , ij{z) = 
—2x Z y 

n/n 


(B3) only appears in p > 2. In the algebra structure of (B2), we let 


p-i 

fix) = '^{-iy~\p - i)"V. 

i=l 


(CIS) only appears in p > 2 and C(A, 5) satishes A^ ^ = <5 = ±1. We also have 
C(A, S) = C(A', S') iff 5 = 5' and A = A' or A ■ A' = 1. 
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Table 8. Connected pTftixxi Hopf algebras, when dimu(P{H)) = 


Type 

Comm. 

Alg. Structure 

Coalg. Structure 

S.S./Loc. 

Cl 

y 

xP — x = yP — y = zP — z = 0 

= ij^y) = ij^z) = 0 

y/n 

C2 

y 

xP — y = y'P — z = z^ = 0 

= ij^y) = ij^z) = 0 

n/y 

C3 

y 

= yP — z = z^ = 0 

= ^(i/) = ijiyz) = 0 

n/y 

C4 

y 

XP = yP = zP = 0 

= iji^z) = 0 

n/y 

C5 

n 

xP = yP = zP = 0, [x, y] — 

Z = [x, z] = [y, z] = 0 

= tlj^y) = iji^z) = 0 

n/y 

C6 

n 

xP—z = yP = zP = 0, [x, y] — 

Z = [x, z] = [y, z] = 0 

= ij^y) = iji^z) = 0 

n/y 

C7 

y 

xP = yP = zP — z = 0 

= ij^y) = iji^z) = 0 

n/n 

C8 

y 

xP — y = yP = zP — z = 0 

^(t) = ^(i/) = ijiyz) = 0 

n/n 

C9 

y 

xP = yP — y = zP — z = 0 

ijiyX) = ijiyy) = ijiyZ) = 0 

n/n 

CIO 

n 

xP = yP = zP—z = 0, [x,y] — 

Z = [x, z] = [y, z] = 0 

= ij^y) = ij^z) = 0 

n/n 

Cll 

n 

xP—x = yP = zP = 0, [x, y] — 
y = [x, z] = [y, z]=0 

= ijiyy) = ijiyz) = 0 

n/n 

C12 

n 

xP — X = yP — z = zP = 
0, [t,i/] - y = [x,z] = 
[y, z] = 0 

= ij^y) = ij^z) = 0 

n/n 

C13 

n 

xP — X = yP = zP — 

z = d,[x,y] - y = [x,z] = 
[y, z] = 0 

= ij^y) = ij^z) = 0 

n/n 

C14 

n 

xP — X = yP — z = zP — 
z = d,[x,y] - y = [x,z] = 
[y, z] = 0 

= ij^y) = ij^z) = 0 

n/n 

CIS 

n 

xP = yP = zP—z = 0, [x,y] — 
z = [x,z]-x = [y,z]+y = 0 

= ij^y) = ij^z) = 0 

n/n 

C(A,5) 

n 

xP = yP = zP — 6z = 
0, [x, y] = [t, z] - Xx = 

[y, z] - \-^y = 0 

= ij^y) = ij^z) = 0 

n/n 


Hence, these tables provide the complete classihcation of p^-dimensional connected 
Hopf algebras over an algebraically closed held of positive characteristic. 
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Table 9. Connected p^-dim Hopf algebras, when p > 2, 

dimM(P(iy)) = p^ and u{P{H)) is commutative 


Type 

Alg. Structure 

Coalg. Struc¬ 
ture 

7 ^ of Iso. 
classes 

Results 

T1 

= pP = + 0 = 0 , [x, y] = 

[z, x] = [z, p] = 0 

ij{x) = ij{y) = 0 , 
= X 

8 classes 

Table [5] 

T2 

= pP = V + 0 = 0 , [x, y] = 
x] - y = lz,y] = 0 

V'(x) = ^l){y) = 0 , 
= X 

6 classes & 

2 families 

Table [5] 

T3 

x^ = yP = z^ — z + 0 = 0, [x, y] = 
y] = 0 

^{x) = ' 0 (p) = 0 , 
= X 

none 

Table [2] 

T4 

xP — X = y^ = z^ + & = 0, [x, y] = 
Iz, x] = [z, p] = 0 

^{x) = ' 0 (p) = 0 , 
= X 

4 classes & 

1 family 

Table [5] 

T5 

xP — X = yP = zP + & = 0, [x, y] = 
[z, x] = [z, p] - X = 0 

ij{x) = ij{y) = 0 , 
V’(^) = X 

1 class & 1 
family 

Table [3] 

T 6 

xP — X = y^ = z^ — z + Q = 
0 , [a:, y] = [z, x] = [z, p] = 0 

V'(x) = ij{y) = 0 , 
= X 

1 class 

Table [3] 

T7 

xP — X = yP = zP — z + Q = 
0 , [x, y] = [z, x] = [ 2 ;, p] - p = 0 

^(x) = i/’(p) = 0 , 
= X 

3 classes 

Table [3] 

T 8 

xP — X = yP = zP — z + Q = 
0 , [x,y] = [z,x\ = [z,y]-x-y = 0 

V>(x) = ^p{y) = 0 , 
V’(^) = X 

2 families 

Table [3] 

T9 

x^ — p = p^ = V + 0 = 0 , [x, p] = 
[^, a:] = [^, p] = 0 

v>(x) = 7p{y) = 0 , 
V’(^) = X 

4 classes & 

1 family 

Table [5] 

TIO 

x^ — p = p^ = + 0 = 0 , [x, p] = 

[^, a:] - p = [^, p] = 0 

v>(x) = 7p{y) = 0 , 
'ip{z) = X 

1 class & 1 
family 

Table [3] 

Til 

x^ — p = p^ = z^ — z + Q = 
0 , [a:, p] = [^, x] = [z, p] = 0 

V>(x) = 7p{y) = 0 , 
'ip{z) = X 

none 

Table [2] 

T12 

xP — y = yP = zP — z + Q = 
0, [a:, p] = [^, x] - X = [2;, p] = 0 

V>(x) = 7p{y) = 0 , 
i’iz) = X 

1 class 

Table [3] 

T13 

xP — X = y^ — y = zP + Q = 
0 , [a:, p] = [^, x] = [z, p] = 0 

V>(x) = i/>(p) = 0 , 
= X 

none 

Table [2] 

T14 

x^ — x = p^ — P = 2:^ — z + 0 = 
0 , [a:, p] = [2, x] = [z, p] = 0 

v>(x) = i/>(p) = 0 , 
i’iz) = X 

3 classes 

Table [3] 

T(C) 

xP = yP = — z + Q = 0,[x,y] = 

|2, i] - I = |2, a] - C;/ = 0 , tor 

CeFA{-i} 

v>(x) = i/>(p) = 0 , 
'ip{z) = X 

{P + l)/2 
classes 

Table [3] 


Appendix B. Verifications for Section [5] 

B.l. Verification of Table [3] for T = (T5). Note that = 0, 

and Pz{x) = Q,pz{y) = X. Let P = {a,b,c) G \ {0}. By Proposition 12.71 (iii), a 
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direct computation in «([))) shows that 
= [Xp + /^"^(Xp)] 

= [{ax ® y + <jj{bx + cy)y + p^~^{ax y) + (f~^u{hx + cy)] 

= [aF x"^ ® y'^ + ^{W x^ + d’ y'^’) + a fy~‘^{pz{x) ® y + x ® pz{y)) -\- fy~^u:{bx + cy)] 
= [ijj{bF x) + apF~‘^{x 0 x)] + [pF~^u:{bx + cy)] 

= [uj{lf x)] + [fy~^uj{bx + cy)] 

= [ijj{bF x)]. 

If P e ^'^{T), one sees that 6 = 0 since [^^(xp)] = 0 by Remark [2.111 
Now, let P = (a, 0, c) G \ {0}. Thus, <h^(xp) can be written as 

^^(xp) = fy~^^{cy) 

= p(- Y1 ~t — —piHcy)---p‘rHcy)pl*‘’’(cy) 

= a‘ I - IpA c- p” (!/)■■ • p?-‘ (9)pl' (^) 

\ i.+ -+i,.p-2 

Since Pz{y) = x and pl{y) = 0 for i >2, nonzero terms occur in the above summation 
only if ip = 0 and, for 1 < k < p — 1, all i^s equal to 1 except one of the i^s is zero. 
Hence, 

^z{xp) = dy-{p - l){p - 2)\(f xP~^y) = d^{d xP~^y). 

Set 0 = cP{xP~^y — y) E m(I))’''. Then ^z{xp) = ^^(0) since d^{y) = 0 and p^(0) = 
Pz{cP{xP~^y — y)) = cP{xP~^pz{y) — Pz{y)) = c^{x^ — a:) = 0. By Proposition 12.101 
(0, Xp) is PD datum and P G J^~^{T) by Remark 14.61 In conclusion, sd^iT) contains 
all points P = (a, 0, c) E h?\ {0}. 

Next, we compute the Aut(T)-action on j^~^{T). Let 0 = ( 7 , G) G Aut(T). Since 
R = Cii, M = 621 and A = 6 = 0, by conditions (14.1.2p . G = diag(a, (3) and (3 = ay, 
where a,/ 3,7 are nonzero scalars with = a. According to Equation flS.O.ip . the 
(/)-action on P = (a, 0, c) G sd^iTl) is given by 

0(a,O,c) = (7 a a, 0, 7 p a c). 

A simple calculation shows that the Aut(T)-orbits of ^^{T) contains one single 
point and one quotient line. The single point can be represented by (1,0,0) and the 
quotient line is in terms of (^, 0 , 1 ), where two points given by (^, 0 , 1 ) and (^', 0 , 1 ) 
are in the same orbit if and only if ^ for some — l)/ 2 -th root of unity r. 

Furthermore, by Theorem 14.101 orbits [(1, 0, 0)] and [(.^, 0,1)] correspond to [(0, x^y)] 
and [{xP~^y — y,^x y + u;(|/))] in 'H^(T), respectively. 
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B.2. Verification of Table [4] for T = (T2). Note that = 0, and 

Pz(x) = y,Pz{y) = 0. Let P = {a,b,c,d,e) G x A^. By Proposition 12.71 fiii). 


^zixp) 

= + ey) 


= 


= 


= 




{p — 2)\- 

— + ey) ■ ■ ■ p'-^-^{dx + ey)pY'-^{dx + ey) 


ilH- \-ip=p—2 


ip •••*„! 




% P'z {dx)--- {d x)p\-^^^ {d x) 


ilH-h*p=p-2 


IP. ■■■%. 




%<Pppx)---pr'{x)ppy) 


IP ■■■lx 


ilH-h*p=p-2 

= d^{—{p — l)(p — 2)! dF xy'^~^) 
= d\dFxyP-^). 


Then, 

^z{Xp) = Xp- 5xp + ffT^iXp) 

= ® y) + (fz~^^{dx + ey) 

= cfF~^{pz{x) ®y + x® pz{y)) + d^{dPxyP~^) 

= cp^z~^{y ® 2 /) + d^id^xyP-^) 

= d\dPxyP-^). 


Suppose P e e^+(T). By Definition 15.21 we set Tp = dPxy^~^. Since pz{d^ xyP~^ + 
ax + hy) = d^ y^ + ay = a y = 0, one sees that a = 0. Hence, the set ^~^(T) contains 
all points P = (0, b, c, d, e) with Tp = xyP~^, where c, d, e are not all zero. 


B.3. Verification of Table [H Case (T=T1): The representative points P G 
^~^(T) have one of the following forms: 


(a, 6 ,1,0,0), (a, 6 , 0,1,0), (a, 6 ,1,1,0), for some a, 6 G k. 

Let P = (a, 6 , 1,0,0). If (a,b) = (0,0), then P = (0,0,1,0,0). Now suppose 
(a, b) 7 ^ (0, 0). If a 7 ^ 0, then choose <p = ( 7 , G) G Aut(T) such that 


1 

7 = ai-p , G 



—ba ^ 


1 
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By (I5.6.ip . we have 4>{P) = (1,0,1,0,0). Otherwise a = 0,6 7 ^ 0, then choose 
(p = ( 7 , G) G Aut(T) such that 

0 r 

■(— 6 )^ 0 ^ 

Again, we have (p{P) = (1, 0 , 1 , 0 , 0 ). 

Let P = (a, 6 ,0,1,0). If (a, 6 ) = (0,0), then P = (0,0,0,1,0). Now suppose 
(a, b) 7 ^ (0, 0). If 6 7 ^ 0, then choose 0 = ( 7 , G) G Aut(T) such that 


7 = i-b) p-A G = 


7 = 1, G = 


1 0 
-b~^a b~^ 


By (15.6.11) . we have (j){P) = (0,1, 0,1,0). Otherwise 6 = 0,a 7 ^ 0, then choose 
(p = ( 7 , G) G Aut(T) such that 


7 = a , G = 


0 

0 1 


Similarly, we have (p{P) = (1, 0, 0,1, 0). 

Let P = (a, b, 1,1, 0). If (a, b) = (0, 0), then P = (0, 0,1,1, 0). If 6 7 ^ 0, then choose 
<p G Aut(T) such that 


■y = b , G = 


l)P-‘-p+i 


0 


— (ibP~GP ^ 6p^-p+i 


p-i 


By fl5.6.ip . we have (p{P) = ( 0 , 1 , 1 , 1 , 0 ). Otherwise 6 = 0 ,a 7 ^ 0 , then choose 
<p = ( 7 , G) G Aut(T) such that 


0 

1 

0 op+i 


7 = a , G = 

Hence, we have (p{P) = (1, 0 , 1 , 1 , 0 ). 

Case (T=T2): The representative points P have one of the following forms: 

(0,6,1,0,0), (0,6, 0,1,0), (0,6, 0,0,1), (0,6,1,1,0), (0,6,1,0,1), for some 6 G k. 

If P is one of the hrst three cases (0, 6 ,1, 0, 0), (0, 6 , 0,1, 0), (0, 6 , 0, 0,1), it is easy to 
hnd some (p G Aut(T) such that the parameter 6 can be further taken as 6 = 0,1. 
Hence, we obtain the hrst six isomorphism classes. By Lemma 15.61 for any <p = 
( 7 , G) G Aut(T), we can write 

^ay (3'' 

0 a 


G = 


for some a 7 ^ 0. Suppose P = (0, 6 ,1,1, 0). Then by fl5.6.ip . 

0 ( 0 , 6 , 1 , 1 , 0 ) = ( 0 , yPab, {ayf, ay^, oj . 
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Since ( 07 )^ = 07 p = 1, we have 07 = ± 1 . Thus 7^0 = ±1. So the parameter b is 
parametrized by k/p, 2 - Suppose P = (0, b, 1, 0,1). Then, 

0(0,6,1,0,1) = ( 0 , Yoib, (q;7)0 0, 07 ^ j . 

By the same reason that ( 07 )^ = a'yp = 1, then 7^0 = 1. So the parameter b is 
parametrized by k. 


Case (T=T4): The representative points P have one of the following forms: 

(0,6,1,0,0), (0,6, 0,0,1), (0,6,1,0,1), for some 6 G k. 

Let P = (0, 6 ,1, 0, 0). If 6 = 0, then P = (0, 0,1, 0, 0). If 6 7 ^ 0, choose 0 = ( 7 , G) G 
Aut(T) such that 

/I 0 

^ = G=(o 

By fIS.O.ip . we have 0(-P) = (0,1,1, 0, 0). 

Let P = (0, 6 , 0, 0,1). If 6 = 0, then P = (0, 0, 0, 0,1). If 6 7 ^ 0, choose 0 = ( 7 , G) G 
Aut(T) such that 



Similarly, we have 0(-P) = (0,1, 0, 0,1). 

Let P = (0,6,1,0,1). By Lemma 15^ for any 0 = ( 7 , G) G Aut(T), we have 
G = diag(a,0). Thus by HHXTll . 

0 (^) = ( 0 , 7^06, 700, 0 , 7^0^ . 

Since 7 a 0 = 7^0 = 1, we have 0 = 7 ^,7 = a p-U So 7^06 = a~ % = a~ b for 
a G Fp. Hence the orbits containing P is parametrized by k/(Fp)^. 



Case (T=T9): The representative points P have one of the following forms: 


(a, 0,1,0,0), (a, 0,0, 0,1), (a, 0,1, 0,1), for some 6 G k. 

Let P = (a, 0,1, 0, 0). If a = 0, then P = (0, 0,1, 0, 0). If a 7 ^ 0, choose 0 = ( 7 , G) G 
Aut(T) such that 


P+1 

7 = a , G 


OP +P-1 


0 


OP +P-1 


Then by fIS.O.ip . we have 0(P) = (1, 0,1, 0, 0). 

Let P = (a, 0,0,0,1). If a = 0, then P = (0,0, 0,0,1). If a 7 ^ 0, choose 0 = 
( 7 , G) G Aut(T) such that 
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Similarly, we have 0(-P) = (1, 0 , 0 , 0 , 1 ). 

Let P = (a, 0,1, 0,1). For any 0 = ( 7 , G) G Aut(T), we can write G = diag(Q;, a^). 
Thus 

4>{P) = 0, 0, . 

Since 70 ;^+^ = = 1, so 7 = and = 1 . Hence y^aa = = 

a~‘^^a. Moreover, since 2p and — p — 1 are coprime, the orbits containing P is 
parametrized by k/p(^p 2 _p_iy 
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